Abstract. For the two-parameter p, q-deformed Heisenberg algebra introduced recently and in which, instead of usual commutator of X and P in the l.h.s. of basic relation [X, P ] = i , one uses the p, q-commutator, we established interesting properties. Most important is the realizability of the p, q-deformed Heisenberg algebra by means of the appropriate deformed oscillator algebra. Another uncovered property is special extension of the usual mutual Hermitian conjugation of the creation and annihilation operators, namely the so-called η(N )-pseudo-Hermitian conjugation rule, along with the related η(N )-pseudo-Hermiticity property of the position or momentum operators. In this work, we present some new solutions of the realization problem yielding new (nonstandard) deformed oscillators, and show their inequivalence to the earlier known solution and the respective deformed oscillator algebra, in particular what concerns ground state energy.
Introduction
The obtaining and analysis of modified/generalized versions of the famous Heisenberg uncertainty relation or principle corresponds to diverse generalizations of the standard Heisenberg algebra (HA) with basic relation [X, P ] = i for the position and momentum operators. This direction of research is under development for more than three decades (with some early works quoted as [7, 12, 28, 29, 34, 37, 38] ), and still remains to be a hot topic, see, e.g., [5, 8, 13, 16, 17, 32] for more recent papers. Physically, deformations of the Heisenberg algebra and the related generalized uncertainty relation find their motivation in quantum gravity, in string theory, noncommutative geometry etc. An overview of different approaches can be found, e.g., in [14, 27] . What concerns the particular existing variants of deformed Heisenberg algebra (DHA), we have to note that predominantly there were DHAs with deformed r.h.s. of the basic relation for X and P that involved a function of momentum, or some function of the Hamiltonian. However, within more exotic approach followed in [12, 38] , deformation of HA emerged in the l.h.s. of basic relation, by using "q-commutator" instead of the usual commutator.
Recently, a hybrid so-called "two-sided" deformation of HA has been introduced [16] . In that DHA, first, the commutator in the l.h.s. of its defining relation is replaced with q-commutator like in [12, 38] or with q, p-commutator as in [16] . In addition, the r.h.s. of basic relation is modified by an extra term involving Hamiltonian times a pre-factor denoted as µ. For this two-sided or q, p, µ-deformed DHA it was shown that, similarly to the "left-handed" q-and q, pdeformed ones, this more general deformed algebra of the operators X and P can as well be realized by (i.e., mapped onto) definite nonstandard deformed oscillator algebra (DOA).
Unusual thing concerning just the q, p, µ-DHA is that the deformation factor (parameter) µ in front of the Hamiltonian H in the r.h.s. of basic relation becomes inevitably depending not only on the deformation parameter(s) q or q, p of the q-or q, p-commutator in the l.h.s., but also on the particle number operator N , see [16] .
The explicit connection of the DHA with the respective DOA discloses an unexpected property [17] of the operators involved. We mean the option that the creation and annihilation operators a + and a − may be not the (mutual) Hermitian conjugates, but the so-called η-pseudoHermitian conjugates of one another, with η ≡ η(N ) -certain operator function of the number operator N . Accordingly, the position operator X or the momentum operator P , or both, were shown to possess not the customary Hermiticity, but the property of being η(N )-pseudoHermitian [17] .
The latter fact was uncovered in the framework of the particular DOA presented explicitly through its structure function of deformation (DSF) Φ(N ). That was found in closed form in [16] . However, further analysis shows that this solution given by the DSF Φ(N ) is not unique, and other possibilities may exist. The goal of this paper is to present other admissible solutions which as well provide realization of DHA by some (different) DOA. After presenting the new solutions, we demonstrate that these are inequivalent to the first one, found in [16] and given by Φ(N ). As a major feature, they show differing values of the ground state energy. The latter can be either lower or higher than the familiar ground state energy E 0 = 1 2 ω of the usual quantum harmonic oscillator 1 .
q-deformed Heisenberg algebra
An alternative approach to deform the Heisenberg algebra was considered in the literature. Namely, in [12, 38] different approach of deforming HA was studied such that a deformation is introduced in the commutator in the l.h.s. of basic relation (this is the q-deformed HA)
For convenience, in all our treatment we put = 1. Below, in the first subsection we mainly follow [12] . We require that the equality (2.1) is connected with special deformed oscillator algebra whose generating elements a + , a − and N (the creation/annihilation operators, which are not necessarily strict conjugates of each other, and the excitation number operator) satisfy
It is meant that the operator functions H(N ) and G(N ) admit formal power series expansion.
From DHA to DOA
Like in [12] we express the position and momentum operators in terms of a − , a + as
where f (N ), g(N ), h(N ), k(N ) are some functions of the operator N . On the base of (2.2), for any function F(N ) possessing formal power series expansion we have ω is shared by such well-known deformed oscillators as Arik-Coon (AC) q-oscillator [3] , Biedenharn-Macfarlane (BM) q-oscillator [6, 31] , Tamm-Dancoff (TD) type q-oscillator [10] , and the p, q-deformed oscillator [4, 9] .
Proceeding like in [12] and using (2.3)-(2.5), we deduce
as well as the expressions
The DSF Φ(N ), see, e.g., [33] , determines both the bilinears (cf. (2.5))
and the commutation relation
It also gives the action formulas in the Φ(n)-deformed analog of Fock space (1) and, in addition, Φ(0)! = 1. In that space we have
The DSF is obtainable from the above functions H(n) and G(n) using the recipe [33] 
Here the factorials are defined similarly to Φ(n)!.
Solutions of the relations (2.6)
We need the solutions of (2.6) which then, using (2.7) and (2.8), yield the corresponding operator functions G(N ) and H(N ). So let us list some of them. Solution A. This is
from which
From (2.11) and (2.13) we obtain the DSF
14)
The obtained DSF (2.14) implies that now we have, besides the relation (2.3), also the alternative form (2.9) of the commutation relation.
In addition, putting (2.12) into (2.4), for the operators X and P we obtain
Note that this DSF (2.14) coincides with the deformation structure function formerly found in [16] (see also [12] ). However, new solutions are possible, see the cases B-D. Solution B. This has the form
which then yields
Then from (2.11) and (2.17) we obtain the DSF (which casts (2.3) into the form (2.9))
Moreover, putting (2.16) into (2.4), for the operators X and P we obtain
Solution C. In this case we find
from which we infer
From (2.11) and (2.21) we obtain the DSF (which casts (2.3) into the form (2.9))
In addition, putting (2.20) into (2.4), for the operators X and P we find
so that
From (2.11) and (2.25) we obtain the DSF (which casts (2.3) into the form (2.9))
At last, putting (2.24) into (2.4), for the operators X and P we obtain 
q (n) and Φ
q (n) from (2.15), (2.19) and (2.23).
Remark 1. Each of the solutions
Then we recover the structure function Φ(n) = n of the usual oscillator, along with known relations X = (a
Remark 2 (concerning pseudo-Hermiticity). From any of the relations (2.15), (2.19), (2.23), (2.27) in can be deduced that the position operator and the momentum operator cannot be the both Hermitian simultaneously. Say, using the relation identical to (2.15) it has been shown in [17] that (i) if P is chosen to be Hermitian, then X turns out to be η X (N )-pseudo-Hermitian; (ii) if X is fixed to be Hermitian, then P is η P (N )-pseudo-Hermitian; (iii) in general, the both of X, P are non-Hermitian and, moreover, X is η X (N )-pseudo-Hermitian and P is η P (N )-pseudo-Hermitian. For more details see [17] . Now let us examine the behavior of all the structure functions as reflected in the energy eigenspectrum. With the Hamiltonian and the energy eigenspectrum given as
we obtain the energies E(n) for the respective DSFs. In Fig. 1 , the structure functions Φ
(1)
q (n) and Φ q (n) give zero at n = 0, due to the common factor [n] q such that [0] q = 0. Therefore the ground state energy is given by (one half of) the corresponding DSF value at n = 1. This way we obtain the following data for E (j)
Assuming q > 1 (like in Fig. 1 
of the usual quantum oscillator, here we have both the increased and the lowered ground state energies of deformed oscillators
On the other hand, if q < 1 we find
Remark 4 (concerning accidental degeneracy). As seen from the behavior of the structure functions pictured in Fig. 1 , the considered deformed oscillators may possess, at certain corresponding values of the deformation parameter q, diverse cases of accidental pairwise energy level degeneracy (note that such kind of degeneracy in one dimension is peculiar for certain class of deformed oscillators that was formerly studied in [21, 22, 24] , along with the modified versions in [11, 18, 23] ). For instance, for the deformed oscillator given by the DSF Φ
q (n) from (2.14) there exists certain value q = q(n)| n=2 such that the degeneracy E q (0) = E q (2) is realized. In the case of general n such value is to be found by solving the equation
or, in a more expanded form, the equation
For instance, if one fixes n = 10, the solution for E q (0) occurs at q 90 = 1.015148. Note that q 90 < q 10 , i.e., the larger is n the lesser is respective value q n .
In a similar fashion, for each of the DSFs Φ (j) (n), j = 1, 2, 3, 4, one can consider these and many other cases of degeneracies (and find the relevant values of q), e.g., such as E q (1) = E q (7), E q (2) = E q (5), the neighboring E q (3) = E q (4) and so on.
General approach to the relations (2.6)
Let us take (2.6) in the equivalent form
The latter, by denoting the ratio as
and similarly (putting c(0) ≡ g(0)/k(0)) we find the relation
With account of the latter two relations, from (2.7) and (2.8) we infer the desired functions G(N ) and H(N ): 3 A q, p-deformed HA and q, p-oscillators
An extended two-parameter deformation of HA, see [16] , obeys the basic relation
Denote Q ≡ q p . In analogy to (2.6), (2.7) and (2.8) we obtain the formulas 2) and the relations
Now we seek solutions of (3.2). For each of them, we also give the correspondingH(N ),G(N ), the operators X, P , and the DSF. SolutionÃ. The first solution is
that leads to the result
along with
The DSF Φ q,p (N ) (it determines the relation of a ± a ∓ with N like in (2.9) as well as the action formulas for a + , a − , see (2.10)) is inferred from equation (2.11) using the functionsH(n) andG(n) in (3.3). The result is
where
This DSF determines the nonstandard two-parameter deformed oscillator coinciding with that found in [16] . It is (q ↔ p)-nonsymmetric and thus obviously differs from the well known q, p-oscillator [9, 4] whose structure function Φ q,
The DSF Φ q,p (N ) (which determines the relation of a ± a ∓ with N like in (2.9) as well as the action formulas for a + , a − , see (2.10)) is inferred from equation (2.11) using the functionsH(n) andG(n) in (3.5). The result is
This DSF determines the second, nonstandard (q ↔ p)-nonsymmetric two-parameter deformed oscillator.
SolutionC. The next solution is
The DSF Φ p,q (N ) (it provides the relation of a ± a ∓ with N like in (2.9) and the action formulas for a + , a − , see (2.10)) is inferred from equation (2.11) using the functionsH(n) andG(n) from (3.8). The result is
This DSF determines yet another nonstandard, (q ↔ p)-nonsymmetric deformed oscillator.
SolutionD. This solution is of the form
, that leads to the result
The DSF Φ q,p (N ) (it determines the relation of a ± a ∓ with N like in (2.9), and the action formulas for a + , a − , see (2.10)) is inferred using equation (2.11) with the functionsH(n) andG(n) from (3.10). The result is
The latter DSF determines the forth, nonstandard, two-parameter deformed oscillator obviously nonsymmetric under q ↔ p.
Note that at p → 1 the results obtained here for the p, q-deformed HA (3.1) reduce to those of the preceding section (say, (3.4) reduces to (2.14), etc.), whereas for the case p = q = 1 we come to the structure function φ(n) = (a + + a − ) and
Obviously, we deal again with the usual harmonic oscillator, but the spacing in its (linear) energy spectrum is 1 q -scaled.
Remark 5. Using the two-parameter family of (p ↔ q)-symmetric p, q-oscillators from [4, 9] one can infer, see [24] , a whole "plethora" of one-parameter q-deformed oscillators. This variety includes such well-known or "standard" ones as Biedenharn-Macfarlane [6, 31] (if p = q −1 ), Arik-Coon [3] (if p = 1), and Tamm-Dancoff [10] (if p = q) q-oscillators. Now, quite analogously, by imposing diverse functional dependences p = ξ(q) it is possible to deduce from each of the new (p ↔ q)-nonsymmetricÃ-D families found in this section, see (3.4) , (3.6), (3.9) and (3.11), the corresponding alternative "plethoras" of non-standard q-deformed oscillators, of which only relatively simple examples (got by setting p = 1) are given as the solutions A-D above (in Section 2.2).
Remark 6. The parameters p and q in the defining relation (3.1) of the q, p-DHA may be either real or complex. The issue of which particular (complex) values of p, q are admissible was discussed in [17, Section 4] -clearly that depends on the adopted rules of (pseudo)Hermiticity of X and P . On the other hand, the deformed oscillators obtained in Section 2.2 and given by the DSFs (2.14), (2.18), (2.22) and (2.26) admit only real values of the deformation parameter q. However, from each of these DSFs, say Φ (1) q (n) from (2.14), we can construct the related (q ↔ q −1 )-symmetric deformed oscillator by combining this q-DSF with its "cousin" Φ (1) q −1 (n). That yields the symmetrized (and factorized) DSF
which admits (real and) the complex form 2 of q, namely q = e iθ , 0 ≤ θ < π. The same recipe applies to Φ (j) q (n), j = 2, 3, 4. It is also clear how to proceed in the case of two-parameter deformed oscillators of Section 3. Namely, each of those DSFs yields the corresponding (q ↔ p)-symmetric DSF and its deformed oscillator, by adding Φ (j) q,p (n) to its "cousin" Φ (j) p,q (n), j = 1, . . . , 4. Then the parameters may be either real or complex such that p =q = re −iθ .
At last let us note that the DSF Φ (j) q (n) and its "cousin" DSF Φ (j) q −1 (n) are inferred from different copies of DHA. Likewise, Φ (j) q,p (n) and its "cousin" Φ (j) p,q (n) are linked with the (differing) q, p-DHA and p, q-DHA respectively.
Discussion and outlook
Our main results are contained in Sections 2, 3 and give solutions of the mapping DHA to DOA problem which allow to present the q, p-deformed ("left-sided") HA in terms of respective non-standard deformed oscillators determined through their respective structure functions Φ j q (n) and Φ j q,p (n) where j = 1, 2, 3, 4. Note that the aspects concerning (pseudo-Hermitian) mutual conjugation of a − and a + , as well as special non-Hermiticity (i.e., η(N )-pseudo-Hermiticity) of X, P can be examined by a detailed analysis, in analogy to what was done in [17] .
Remembering that in [17] we used as starting point not only q-and p, q-deformed Heisenberg algebras but also the two-sided p, q, µ-deformed DHA, it would be useful to undertake more detailed and complete (than in [17] ) study of the problem of finding solutions which map the p, q, µ-deformed DHA onto certain p, q, µ-deformed oscillators.
Both the BM-type, AC-type q-oscillators and the p, q-oscillators [3, 6, 9, 10, 31] , along with more exotic deformed oscillators [18, 24, 28] , are used to construct the respective one-and twoparameter deformed analogs of Bose gas model (see [1, 2, 19, 25, 26] and references therein) which find interesting applications including phenomenological ones [15, 20, 30] . So it is of interest to develop, starting from the q-or p, q-deformed oscillators explored in this paper, the corresponding new deformed (certainly non-standard) models with either thermodynamics or statistical distributions and correlations in the focus. Also, there is an interesting issue of modified versions of the Heisenberg uncertainty relation (with its expected physical implications) for the above studied deformations of HA. All these topics are worth of detailed future studies.
